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THERMODYNAMICS OF SOLIDS UNDER STRESS 

Description of stress 
The stress is most dir'cctly described by the well-known Cauchy stress 

tensorS, which in the absence of couple stresses is symmetric9
. However, the 

Cauchy stress has the disadvantage for thermodynamic purposes that it does 
not determine the strain unless the orientation is specified (or unless the 
stress is isotropic). We therefore define other stress parameters, t;., which are 
thermodynamically conjugate to the strain parameters 'I;., and so depend on 
this prior choice of strain parameter. . 

The energy U and Helmholtz energy A are functions of the strain and one 
other variable. The stresses l;. are defined by 

(7) 

where the subscript '1/ denotes that all the '7/1 except 11;. are kept constant 
during differentiation. The t;. have the dimensions of(negative) pressure, and 
are sometimes caJled the thermodynamic tensions!' 2. One may also retain 
tensor notation to define stresses tij by equations like 7, with this convention 1 0 

for differentiation with respect to the components of a symmetric tensor. 
Write the function to be differentiated symmetrically in 'lij and 'lji and then 
differentiate treating all nine '1ij as independent. The resulting tensor is 
symmetric, and is related to the t;. by a scheme like equations 5 and 6 without 
the factors of two. 

The relation of tij to the Cauchy stress (Tij is discussed in §3. 

Energy functions and Maxwell relations 
We define quantities analogous to the enthalpy and Gibbs energy 

o 
G/ == A - Vt;.rl;. (8) 

where the primes remind us that these cannot be identified with the functions 
Hand G defined under hydrostatic pressure. The repeated subscript ). 
denotes summation from 1 to 6; by virtue of the factors of two in the abbrevi­
ated notation for strains but not for tensions, t .. 'l .. is equal to ti/lij. 

The differentials of the functions U, A, H' and G/ are given to first order by 

d U - T dS = i\. dry;. = dA + S d T 

dH' - TdS = - VI/;.dt;. = dG' + SdT 

Maxwell relations follow as for fluids, e.g. 

(OSjo'I;')q' .1" = _(02 A/Otl;. oT)~, = - ~'}(atJoT)~ 

(oT/ot")I',s = (02H'/ot .. as)I' = - V(O'1;j oS), 

(9) 

(to) 

(11) 

(12) 

and two similar expressions derived from d U and dG'. Relations of this type 
also establish the symmetry of the isothermal elastic stiffnesscs. analogous 
to the bulk modulus B for fluid s: 

(13) 
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